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Abstract
The paper investigates the existence and upper semicontinuity of uniform attractors of the perturbed
non-autonomous Kirchhoff wave equations with strong damping and supercritical nonlinearity: utt −
∆ut − (1 + ǫ‖∇u‖
2)∆u + f(u) = g(x, t), where ǫ ∈ [0, 1] is a perturbed parameter. It shows that
when the nonlinearity f(u) is of supercritical growth p : N+2
N−2 = p
∗ < p < p∗∗ = N+4(N−4)+ : (i) the
related evolution process has a compact uniform attractor AǫΣ for each ǫ ∈ [0, 1]; (ii) the family of
uniform attractor AǫΣ is upper semicontinuous on the perturbed parameter ǫ in the sense of partially
strong topology.
Keywords: Non-autonomous Kirchhoff wave models; perturbed parameter; supercritical nonlinearity; uni-
form attractor; pullback attractor; upper semicontinuity.
1 Introduction
In this paper, we are concerned with the existence and upper semicontinuity of uniform attractors of the
perturbed non-autonomous Kirchhoff wave equations with strong damping and supercritical nonlinearity:
utt −∆ut − (1 + ǫ‖∇u‖
2)∆u+ f(u) = g(x, t), x ∈ Ω, t > τ, (1.1)
u|∂Ω = 0, u(x, τ) = u
τ
0 , ut(x, τ) = u
τ
1 , τ ∈ R, (1.2)
where Ω is a bounded domain in RN (N ≥ 3) with the smooth boundary ∂Ω, ǫ ∈ [0, 1] is a perturbed
parameter. Throughout this paper we use the following notations:
Lp = Lp(Ω), Hk = W k,2(Ω), Hk0 = W
k,2
0 (Ω), ‖ · ‖p = ‖ · ‖Lp , ‖ · ‖ = ‖ · ‖L2 ,
with p ≥ 1. The sign H1 →֒ H2 denotes that the space H1 continuously embeds into H2 and H1 →֒→֒ H2
denotes that H1 compactly embeds into H2. We denote the phase spaces
H = (H10 ∩ L
p+1)× L2, H−1 = H
1
0 ×H
−1,
which are equipped with usual graph norms. For example,
‖(u, v)‖2H = ‖u‖
2
H1 + ‖u‖
2
p+1 + ‖v‖
2.
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Assumption 1.1. (i) f ∈ C1(R) and
c0|s|
p−1 − c1 ≤ f
′(s) ≤ c2(1 + |s|
p−1), ∀s ∈ R, (1.3)
with some N+2
N−2 = p
∗ < p < p∗∗ = N+4
(N−4)+
, where ci are positive constants and a
+ = max{a, 0};
(ii) (uτ0 , u
τ
1) ∈ H with ‖(u
τ
0 , u
τ
1)‖H ≤ R, g, ∂tg ∈ L
2
b(R;L
2), where
L2b(R;L
2) = {φ ∈ L2loc(R;L
2)|‖φ‖2
L2
b
(R;L2) = sup
t∈R
∫ t+1
t
‖φ(s)‖2ds < +∞}.
When N = 1, Eq. (1.1), without strong damping −∆ut, was introduced by Kirchhoff [11] to de-
scribe the nonlinear vibrations of an elastic stretched string. In real process, dissipation plays an important
spreading role for the energy gather arising from the nonlinearity. So the researches on the Kirchhoff wave
equations with different type of dissipations have attracted considerable attention, the well-posedness and
asymptotic behavior of solutions to the Kirchhoff wave models with dissipation −∆ut or ut or h(ut) (with
h(s)s ≥ 0) have been well investigated by many authors (see [1, 3, 18, 20, 22, 23, 24] and references
therein).
Recently, Chueshov [6] studied the well-posedness and longtime dynamics for the autonomous Kirch-
hoff wave model with strong nonlinear damping
utt − σ(‖∇u‖
2)∆ut − φ(‖∇u‖
2)∆u+ f(u) = h(x). (1.4)
A major breakthrough is that he finds a supercritical exponent p∗∗ ≡ N+4(N−4)+ and showes that when the
growth exponent p of the nonlinearity f(u) is up to the supercritical range: 1 ≤ p < p∗∗, the IBVP of Eq.
(1.4) is still well-posed and the related solution semigroup has a partially strong global attractor Aps, i.e.,
the compactness and attractiveness of Aps are in the phase space Hps = (H
1
0 ∩ L
p+1,w) × L2, which is
equipped with the partially strong topology:
(un, vn)→ (u, v) in Hps if and only if
(un, vn)→ (u, v) in H10 × L
2 and un ⇀ u in Lp+1, (1.5)
where the sign “ ⇀ ” denotes weak convergence. In particular, in the non-supercritical case: 1 ≤ p ≤ p∗ ≡
N+2
N−2 , the partially strong topology becomes the strong one. By the way, here the growth exponent p
∗ is said
to be critical relative to the natural energy space H = (H10 ∩L
p+1)×L2 forH1 →֒ Lp+1 as p ≤ p∗, but the
Sobolev embedding ceases to be effective as p > p∗. For the related researches on this topic, one can see
also [7, 10, 15]. Recently, Ding, Yang and Li [7] removed the restriction of partially strong topology in [6].
Uniform attractor and pullback attractor (see Def. 2.2 and Def. 2.3 below) are two basic concepts to
study the longtime dynamics of non-autonomous evolution equations with various dissipations (cf. [4, 9,
26, 28]). Although there have been some researches on the global attractors of autonomous Kirchhoff wave
equations with strong damping (cf. [6, 10, 15, 20, 21, 30, 31, 32]), there are only a few recent results
on the longtime dynamics of more complicated non-autonomous ones ([8, 29]). We refer to [8] for the
investigations on the existence of the kernel K and the Hausdorff dimension of the kernel sections K(s) for
strongly damped non-autonomous Kirchhoff wave models
utt − α∆ut − (β + γ‖∇u‖
ρ
2 )∆u+ h(ut) + f(u, t) = g(x, t) (1.6)
in a bounded domain Ω ⊂ RN (N = 1, 2, 3) with Dirichlet boundary condition, where α > 0, β > 0, ρ ≥
−1, γ ≥ 0 and the source term f(u, t) is of subcritical growth on u.
2
Recently, Wang and Zhong [29] studied the existence and the upper semi-continuity of pullback attrac-
tors of problem (1.1)-(1.2). Under the critical nonlinearity assumptions:
f ′(u) ≥ −l, |f ′(u)| ≤ C(1 + |u|p
∗−1),
lim inf
|u|→∞
uf(u)− kF (u)
u2
≥ 0, lim inf
|u|→∞
F (u)
u2
≥ 0, (1.7)
where F (u) =
∫ u
0 f(s)ds, they established the existence of pullback attractors and their upper semiconti-
nuity on the perturbed parameter ǫ.
But there are still some unsolved questions. For example, for the perturbed non-autonomous Kirchhoff
wave model (1.1), if the nonlinearity f(u) is of the supercritical growth p : p∗ ≤ p < p∗∗, what about
the existence and structure of its uniform attractor and pullback attractor? What about the stability of the
attractors on the perturbed parameter ǫ?
The purpose of the present paper is to solve these questions. It proves that in supercritical nonlinearity
case p∗ < p < p∗∗:
(i) the related family of processes {U ǫg(t, τ)}, g ∈ Σ has in H a compact uniform attractor A
ǫ
Σ for each
ǫ ∈ [0, 1] and its structure is shown (see Theorem 4.3);
(ii) the family of compact uniform attractor AǫΣ is upper semicontinuous on the perturbed parameter ǫ
in the sense ofHps topology (i.e., partially strong topology) (see Corollary 5.4).
As a consequence, for any fixed g ∈ Σ (the symbol space), the family of all kernel sections Aǫg =
{Kǫg(t)}t∈R is the pullback attractor of the process {U
ǫ
g(t, τ)} inH for each ǫ ∈ [0, 1] (cf. [4]), and it is also
upper semicontinuous on ǫ in the sense of Hps topology (see Corollary 5.4).
In particular, for autonomous case, i.e., g(x, t) ≡ g(x), the related process {U ǫg(t, τ)} becomes the
solution semigroup Sǫ(t) acting on the phase space H for each ǫ ∈ [0, 1], and the related pullback attractor
becomes the global attractor Aǫ of Sǫ(t) in H, which is upper semicontinuous on ǫ in the sense of Hps
topology.
The main contributions of the paper are that under the assumptions that the external force g is trans-
lation bounded (rather than translation compact as usual), and the the nonlinearity f(u) is of supercritical
growth p : p∗ < p < p∗∗, by combining newly developed criterion of compensated compactness [27],
quasi-stabilizability estimates method [5] and J. Ball’s technique [2], we prove the existence of the uniform
attractor AǫΣ of problem (1.1)-(1.2) and show their upper semicontinuity on the perturbed parameter ǫ in the
sense of partially strong topology. These results not only extend Chueshov’s work on autonomous Kirchhoff
models in [6] to non-autonomous ones but also extend Wang and Zhong’s results on pullback attractor [29]
to the supercritical nonlinearity case.
Recently, many authors devote to study the uniform attractor of non-autonomous dissipative PDEs with
non translation compact external forces. They introduce several new classes of external forces that are not
translation compact, but nevertheless allow the attraction in a strong topology of the phase space and give
some criteria on this kind of uniform attractor and applications of them (cf. [12, 13, 14, 16, 17, 19, 27, 33,
34]).
We show in the present paper that the weak solutions of non-autonomous Kirchhoff wave model (1.1)-
(1.2) are of higher partial regularity when t > τ , which results in that not only the requirement for the
external force g : g, ∂tg ∈ L
2
b(R;L
2) is natural but also permits non translation compact external forces g.
The paper is organized as follows. In Section 2, we introduce some preliminaries. In Section 3, we give
some results on the well-posedness. In Section 4, we discuss the existence of uniform attractors. In Section
5, we investigate the upper semicontinuity of the uniform attractors on the perturbed parameter ǫ.
3
2 Preliminaries
Definition 2.1. (i) The family of sets {Uσ(t, τ)|t ≥ τ, τ ∈ R}, σ ∈ Σ (parameter set) is said to be a family
of processes acting on Banach space E if for each σ ∈ Σ, {Uσ(t, τ)|t ≥ τ, τ ∈ R} is a process acting on E,
i.e., the two-parameter mappings from E to E satisfying
Uσ(t, s)Uσ(s, τ) = Uσ(t, τ), ∀t ≥ s ≥ τ, τ ∈ R,
Uσ(τ, τ) = I (identity operator), τ ∈ R.
And the set Σ is said to be the symbol space and σ ∈ Σ to be a symbol.
(ii) Let {T (t)}t≥0 be a translation semigroup acting on Σ. The family of processes {Uσ(t, τ)}, σ ∈ Σ
is said to be satisfy the translation identity if
Uσ(t+ s, τ + s) = UT (s)σ(t, τ), ∀σ ∈ Σ, t ≥ τ, τ ∈ R, s ≥ 0. (2.1)
(iii) A bounded subset B0 ⊂ E is said to be a bounded uniformly (w.r.t. σ ∈ Σ) absorbing set of
the family of processes {Uσ(t, τ)}, σ ∈ Σ if for any τ ∈ R and bounded subset B ⊂ X there exists a
T0 = T0(B, τ) ≥ τ such that ⋃
σ∈Σ
Uσ(t, τ)B ⊂ B0, ∀t ≥ T0.
Definition 2.2. A family of nonempty compact subsets {A(t)}t∈R of E is said to be a pullback attractor of
the process U(t, τ) if it is invariant, i.e., U(t, s)A(s) = A(t), t ≥ s, and it pullback attracts all the bounded
subsets of E, i.e., for every bounded subset D ⊂ E and t ∈ R,
lim
s→+∞
distE{U(t, t− s)D,A(t)} = 0.
Here, distE{·, ·} is the Hausdorff semidistance in E, i.e.,
distE{A,B} = sup
x∈A
inf
y∈B
‖x− y‖E , A,B ⊂ E.
Definition 2.3. A closed set AΣ ⊂ E is said to be the uniform (w.r.t. σ ∈ Σ) attractor of the family of
processes {Uσ(t, τ)}, σ ∈ Σ if
(i) (Attractiveness) AΣ uniformly (w.r.t. σ ∈ Σ) attracts all the bounded subsets in E, i.e., for every
bounded subset B ⊂ X and τ ∈ R,
lim
t→∞
sup
σ∈Σ
distE{Uσ(t, τ)B,AΣ} = 0;
(ii) (Minimality) for any closed set A′ ⊂ E, if A′ is of property (i), then AΣ ⊂ A
′.
Definition 2.4. (i) For any fixed σ ∈ Σ, the set of all bounded full trajectories of the process Uσ(t, τ):
Kσ = {u(·)|Uσ(t, τ)u(τ) = u(t), ‖u(t)‖E ≤ Cu,∀t ≥ τ, τ ∈ R}
is said to be the kernel of the process Uσ(t, τ). The set Kσ(s) = {u(s)|u(·) ∈ Kσ} is said to be the kernel
section at time t = s, s ∈ R.
(ii) The family of processes {Uσ(t, τ)}, σ ∈ Σ is said to be uniformly (w.r.t. σ ∈ Σ) asymptotically
compact on E, if for any τ ∈ R, bounded sequences {ξn} ⊂ E, {σn} ⊂ Σ and sequence {tn} ⊂ R with
tn ≥ τ and tn → +∞, the sequence {Uσn(tn, τ)ξn} is precompact in E (cf. [19]).
(iii) The family of processes {Uσ(t, τ)}, σ ∈ Σ is said to be norm-to-weak continuous, if for any fixed
t and τ ∈ R with t ≥ τ , for any sequence {(xn, σn)} ⊂ E × Σ, (xn, σn) → (x, σ) in E × Σ imply that
Uσn(t, τ)xn ⇀ Uσ(t, τ)x in E.
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Lemma 2.5. [27] Assume that Σ is a compact metric space, the translation semigroup {T (t)}t≥0 is contin-
uous in Σ, the family of processes {Uσ(t, τ)}, σ ∈ Σ satisfies the translation identity (2.1) and
(i) it is norm-to-weak continuous;
(ii) it has a bounded uniformly (w.r.t. σ ∈ Σ) absorbing set B0 in E;
(iii) it is uniformly (w.r.t. σ ∈ Σ) asymptotically compact in E.
Then it has a compact uniform (w.r.t. σ ∈ Σ) attractor AΣ, and
AΣ = ω0,Σ(B0) =
⋃
σ∈Σ
Kσ(s), ∀s ∈ R, (2.2)
where Kσ is the kernel of the process Uσ(t, τ), ω0,Σ(B0) is the uniform ω-limit set of B0 at t = 0, i.e.,
ω0,Σ(B0) =
⋂
t≥0
[ ⋃
σ∈Σ
⋃
s≥t
Uσ(s, 0)B0
]
E
, (2.3)
and the sign [ · ]E denotes the closure in E.
Definition 2.6. Let Σ be a symbol space and B be a bounded subset in Banach space E. A function
φ(·, ·; ·, ·) defined on (B×B)× (Σ×Σ) is said to be a contractive function if for any sequences {xn} ⊂ B
and {σn} ⊂ Σ, there exist subsequences {xnk} ⊂ {xn} and {σnk} ⊂ {σn} such that
lim
k→∞
lim
l→∞
φ(xnk , xnl ;σnk , σnl) = 0.
Lemma 2.7. [27] Assume that the family of processes {Uσ(t, τ)}, σ ∈ Σ satisfies translation identity (2.1),
and the following conditions holds:
(i) it has a bounded uniformly (w.r.t. σ ∈ Σ) absorbing set B0 ⊂ E;
(ii) for any δ > 0 there exist T = T (B0, δ) > 0 and a contractive function φT defined on (B0 × B0) ×
(Σ× Σ) such that
‖Uσ1(T, 0)x− Uσ2(T, 0)y‖E ≤ δ + φT (x, y;σ1, σ2), ∀x, y ∈ B0, σ1, σ2 ∈ Σ.
Then the family of processes {Uσ(t, τ)}, σ ∈ Σ is uniformly (w.r.t. σ ∈ Σ) asymptotically compact on E.
Lemma 2.8. [12] Let the family of processes {Uσ(t, τ)}, σ ∈ Σ satisfy the translation identity (2.1) and the
symbol space Σ be translation invariant, i.e., T (h)Σ = Σ for all h ≥ 0. Then for every τ ∈ R and σ ∈ Σ,
there exists at least one σ′ ∈ Σ satisfying
Uσ(t, τ) = Uσ′(t− τ + τ0, τ0), ∀t ≥ τ, τ0 ∈ R.
Lemma 2.9. [25] Let X,B and Y be Banach spaces, X →֒→֒ B →֒ Y,
W = {u ∈ Lp(0, T ;X)|ut ∈ L
1(0, T ;Y )}, with 1 ≤ p <∞,
W1 = {u ∈ L
∞(0, T ;X)|ut ∈ L
r(0, T ;Y )}, with r > 1.
Then,
W →֒→֒ Lp(0, T ;B), W1 →֒→֒ C([0, T ];B).
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3 Well-posedness
In this section, we discuss the well-posedness of problem (1.1)-(1.2). We first define a symbol space gener-
ated by a fixed external force term g0, with g0, ∂tg0 ∈ L
2
b(R;L
2).
Define the translation operator
T (h) : L2loc(R;L
2)→ L2loc(R;L
2), T (h)g(s) = g(s + h), s, h ∈ R.
Obviously, {T (h)}h∈R constitutes a translation group on L
2
loc(R;L
2). Let
Σ0 = {T (h)g0|h ∈ R}, Σ = H(g0) =
[
Σ0
]
L
2,w
loc
(R;L2)
, (3.1)
and Σ be equipped with L2,wloc (R;L
2) topology, i.e.,
un → u in Σ if and only if un ⇀ u in L2(t1, t2;L
2), ∀ [t1, t2] ⊂ R.
Then Σ is a compact metric space,
sup
g∈Σ
‖g‖L2
b
(R;L2) ≤ ‖g0‖L2
b
(R;L2), sup
g∈Σ
‖∂tg‖L2
b
(R;L2) ≤ ‖∂tg0‖L2
b
(R;L2), (3.2)
and {T (t)}t∈R is continuous and invariant in Σ, i.e., T (h)Σ = Σ, ∀h ∈ R (cf. [4]).
Repeating the same arguments as in [6] (where the well-posedness of problem (1.1)-(1.2) has been
established for the autonomous case: g(x, t) ≡ g(x) ) except for the treatment of g(x, t) one easily gets the
following theorem.
Theorem 3.1. Let Assumption 1.1 be valid, with g ∈ Σ. Then problem (1.1)-(1.2) admits a unique weak
solution uǫ, with (uǫ, uǫt) ∈ C([τ, T ];H) for each ǫ ∈ [0, 1], and
‖(uǫ, uǫt)(t)‖
2
H + ‖u
ǫ
tt‖
2
H−2 +
∫ T
τ
‖∇uǫt(s)‖
2ds ≤ K, t ∈ [τ, T ], (3.3)
where K = C(τ, T,R, ‖g‖L2
b
(R;L2)) is a positive constant. Moreover, the solution is of the following prop-
erties:
(i) (Partial regularity when t > τ )
‖∇uǫt(t)‖
2 + ‖uǫtt(t)‖
2
H−1 ≤ K1
(
1 +
1
(t− τ)2
)
, t ∈ (τ, T ], (3.4)
where K1 = C(T − τ,R, ‖g0‖L2
b
(R;L2), ‖∂tg0‖L2
b
(R;L2));
(ii) (Energy identity)
E(uǫ(t), uǫt(t)) +
∫ t
s
[
‖∇uǫt(r)‖
2 − (g, uǫt)
]
dr = E(uǫ(s), uǫt(s)), ∀t > s ≥ τ, (3.5)
where
E(uǫ, uǫt) =
1
2
[
‖uǫt‖
2 + ‖∇uǫ‖2 +
ǫ
2
‖∇uǫ‖4 + 2(F (uǫ), 1)
]
with F (s) =
∫ s
0
f(r)dr;
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(iii) (Stability and quasi-stability inH−1) the following Lipschitz stability
‖(z, zt)(t)‖
2
H−1 ≤ K
[
‖(z, zt)(τ)‖
2
H−1 + ‖g1 − g2‖
2
L2(τ,t;H−1)
]
, t ∈ [τ, T ], (3.6)
and quasi-stability
‖(z, zt)(t)‖
2
H−1 ≤ e
−κ(t−τ)‖(z, zt)(τ)‖
2
H−1
+K
∫ t
τ
[
‖(z, zt)(s)‖
2
L2×H−2 + ‖(g1 − g2)(s)‖
2
H−1
]
ds, t ∈ [τ, T ],
(3.7)
hold for z = uǫ,1−uǫ,2, where uǫ,1, uǫ,2 are two weak solutions of problem (1.1)-(1.2) corresponding
to initial data (uǫ,i(τ), uǫ,it (τ)) ∈ H, with ‖(u
ǫ,i(τ), uǫ,it (τ))‖H ≤ R, and gi ∈ L
2
b(R;L
2), respec-
tively.
For any g ∈ Σ, we define the solution operator
U ǫg(t, τ) : H → H, U
ǫ
g(t, τ)(u
τ
0 , u
τ
1) = (u
ǫ, uǫt)(t), t ≥ τ,
where uǫ is a weak solution of problem (1.1)-(1.2). Theorem 3.1 shows that {U ǫg(t, τ)}, g ∈ Σ, ǫ ∈ [0, 1] is
a family of processes acting on the phase spaceH. The uniqueness of weak solutions implies the translation
identity
U ǫg(t+ s, τ + s) = U
ǫ
T (s)g(t, τ), ∀t ≥ τ, τ ∈ R, s ≥ 0, ǫ ∈ [0, 1]. (3.8)
4 Existence of uniform attractors
For simplicity, we omit the superscript ǫ and denote u = uǫ in the following.
Lemma 4.1. Let Assumption 1.1 be valid, with g ∈ Σ. Then
(i) For any sequence {(ξn, gn)} ⊂ H × Σ with (ξn, gn)→ (ξ, g) in H−1 × Σ, we have
U ǫgn(t, τ)ξn → U
ǫ
g(t, τ)ξ in H−1, ∀ǫ ∈ [0, 1]. (4.1)
(ii) The family of processes {U ǫg(t, τ)}, g ∈ Σ is norm-to-weak continuous for each ǫ ∈ [0, 1].
Proof. (i) The fact gn → g in Σ implies that
gn → g in L
2(τ, t;H−1), ∀t > τ. (4.2)
Indeed, it follows from estimate (3.2) that both the sequences {gn} and {∂tgn} are bounded in L
2(τ, t;L2),
which implies that {gn} is precompact in L
2(τ, t;H−1) for L2 →֒→֒ H−1 (see Lemma 2.9). So formula
(4.2) holds. The combination of (4.2) and stability estimate (3.6) yields (4.1).
(ii) Let (ξn, gn)→ (ξ, g) inH× Σ. By (4.1),
U ǫgn(t, τ)ξn = (u
n, unt )(t)→ (u, ut)(t) in H−1.
By the boundedness of {(un, unt )(t)} inH (see (3.3)),
un(t) ⇀ u(t) in Lp+1, unt (t)⇀ ut(t) in L
2. (4.3)
Therefore,
(un, unt )(t) ⇀ (u, ut)(t) in H.
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Lemma 4.2. Let Assumption 1.1 be valid, with g ∈ Σ. Then the family of processes {U ǫg(t, τ)}, g ∈ Σ, ǫ ∈
[0, 1] has a uniformly (w.r.t. g ∈ Σ and ǫ ∈ [0, 1]) absorbing set B = {ξ ∈ H|‖ξ‖H ≤ R0}.
Proof. Using the multiplier ut + δu (= u
ǫ
t + δu
ǫ) in Eq. (1.1), we obtain
d
dt
Γ(ξu(t)) + Ψ(ξu(t)) = 0,
where ξu = (u, ut),
Γ(ξu) =
1
2
[
‖ut‖
2 + ‖∇u‖2 +
ǫ
2
‖∇u‖4 + 2(F (u), 1)
]
+ δ
[1
2
‖∇u‖2 + (ut, u)
]
, (4.4)
Ψ(ξu) = ‖∇ut‖
2 − δ‖ut‖
2 + δ
[
‖∇u‖2 + ǫ‖∇u‖4 + (F (u), u)
]
− (g, ut + δu).
Assumption (1.3) implies that
c0
2p
|u|p+1 − C ≤ f(u)u ≤ C(1 + |u|p+1),
c0
2p(p + 1)
|u|p+1 − C ≤ F (u) ≤ C(1 + |u|p+1),
f(u)u− F (u) +
c1
2
|u|2 ≥ 0.
(4.5)
Thus a simple calculation shows that
κ‖ξu‖
2
H − C ≤
1
4
‖ut‖
2 +
1
2
‖∇u‖2 +
c0
2p(p+ 1)
‖u‖p+1p+1 − C
≤ Γ(ξu) ≤ C
[
‖ut‖
2 + ‖∇u‖2 + ‖u‖p+1p+1 + ǫ‖∇u‖
4 + 1
]
,
Ψ(ξu) ≥
(
1−
2δ
λ1
)
‖∇ut‖
2 + δ
[1
2
‖∇u‖2 + ǫ‖∇u‖4 +
c0
2p
‖u‖p+1p+1
]
− C(1 + ‖g‖2)
≥ κΓ(ξu)− C(1 + ‖g‖
2)
for δ > 0 suitably small, where λ1 is the first eigenvalue of −∆ with Dirichlet boundary condition and κ is
a small positive constant. Hence,
d
dt
Γ(ξu(t)) + κΓ(ξu(t)) ≤ C(1 + ‖g(t)‖
2),
‖ξu(t)‖
2
H ≤ Q(‖ξu(τ)‖H)e
−κ(t−τ) + C(1 + ‖g0‖
2
L2
b
(R;L2)), ∀t ≥ τ, (4.6)
for all ǫ ∈ [0, 1], g ∈ Σ and ξu(τ) ∈ H, where ξu(t) = U
ǫ
g(t, τ)ξu(τ), Q is a monotone positive function.
Let
B = {ξ ∈ H|‖ξ‖H ≤ R0} with R
2
0 = 2C(1 + ‖g0‖
2
L2
b
(R;L2)).
Estimate (4.6) shows that B is a uniformly (w.r.t. g ∈ Σ and ǫ ∈ [0, 1]) absorbing set of the family of
processes {U ǫg(t, τ)}, g ∈ Σ, ǫ ∈ [0, 1].
Theorem 4.3. Let Assumption 1.1 be valid, with g ∈ Σ. Then the family of processes {U ǫg(t, τ)}, g ∈ Σ has
inH a compact uniform (w.r.t. g ∈ Σ) attractor AǫΣ for each ǫ ∈ [0, 1], and
AǫΣ = ω
ǫ
0,Σ(B) =
⋃
g∈Σ
Kǫg(s), ∀s ∈ R. (4.7)
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Proof. Since the family of processes {U ǫg(t, τ)}, g ∈ Σ satisfies translation identity (3.8), it is norm-to-weak
continuous for each ǫ ∈ [0, 1] (see Lemma 4.1) and has a uniformly (w.r.t. g ∈ Σ and ǫ ∈ [0, 1]) absorbing
set B (see Lemma 4.2), by Lemma 2.5, it is sufficient to prove Theorem 4.3 to show the precompactness of
the sequence {U ǫgn(tn, τ)ξn} in H, where tn → +∞ as n→∞ (see Def. 2.4: (ii)). By translation identity
(3.8),
U ǫgn(tn, τ)ξn = U
ǫ
T (tn)gn
(0, τ − tn)ξn, where T (tn)gn ∈ Σ and τn = τ − tn → −∞. (4.8)
Without loss of generality, it is enough to show that for every ǫ ∈ [0, 1], any sequences {gn} ⊂ Σ, {ξn} ⊂ B
and τn → −∞, the sequence {U
ǫ
gn(0, τn)ξn} is precompact inH.
Let
(un, unt )(t) = U
ǫ
gn(t, τn)ξn, t ≥ τn. (4.9)
Due to Lemma 2.8 (taking τ0 = 0 there) and the fact that B is a uniformly (w.r.t. g ∈ Σ) absorbing set of
the family of processes {U ǫg(t, τ)}, g ∈ Σ, there exists a positive constant T0 independent of τ such that
⋃
g∈Σ
U ǫg(t, τ)B ⊂ B, t ≥ τ + T0, ∀τ ∈ R. (4.10)
For any fixed T ∈ N, there exists a N > 0 such that −T ≥ τn + T0 as n ≥ N . Hence when n ≥ N , by
(4.10),
Ugn(t, τn)ξn = Ugn(t,−T )Ugn(−T, τn)ξn ∈ Ugn(t,−T )B, t ∈ [−T, 0].
Therefore (see (3.3)),
{un} is bounded in L∞(−T, 0;H10 ∩ L
p+1);
{unt } is bounded in L
∞(−T, 0;L2) ∩ L2(−T, 0;H10 );
{untt} is bounded in L
∞(−T, 0;H−2),
and (subsequence if necessary)
(un, unt )→ (u, ut) weakly
∗ in L∞(−T, 0;H);
(un, unt )(t) ⇀ (u, ut)(t) in H, t ∈ [−T, 0];
unt ⇀ ut in L
2(−T, 0;H10 );
gn → g in Σ,
(4.11)
where we have used the compactness of Σ. By Lemma 2.9,
un → u in C([−T, 0];H1−δ) and a.e. (x, t) ∈ Ω× [−T, 0];
unt → ut in L
2(−T, 0;L2), (4.12)
where δ ∈ (0, 1). It follows from estimate (3.7) that
‖U ǫg1(t, 0)x− U
ǫ
g2
(t, 0)y‖2H−1 ≤e
−κt‖x− y‖2H−1 + C‖g1 − g2‖
2
L2(0,t;H−1)
+ C
∫ t
0
‖U ǫg1(s, 0)x − U
ǫ
g2
(s, 0)y‖2L2×H−2ds, t ≥ 0,
(4.13)
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for any ǫ ∈ [0, 1], x, y ∈ B and g1, g2 ∈ Σ, where C = C(t, R0, ‖g0‖L2
b
(R;L2)). For any sequence {gn} ⊂
Σ, {gn} is precompact in L
2(0, t;H−1) for gn → g in Σ (see (4.2)). By the similar arguments as (4.12), we
obtain that
⋃
g∈Σ
U ǫg(·, 0)B is precompact in L
2(0, t;L2 ×H−2).
Thus, it follows from (4.13) that for any δ > 0, there exist T = T (B, δ) > 0 and a contractive function
ΨT (x, y; g1, g2) = C
(∫ T
0
‖g1(s)− g2(s)‖
2
H−1 + ‖U
ǫ
g1
(s, 0)x− U ǫg2(s, 0)y‖
2
L2×H−2ds
) 1
2
defined on (B × B)× (Σ× Σ) such that
‖U ǫg1(t, 0)x− U
ǫ
g2
(t, 0)y‖H−1 ≤ δ +ΨT (x, y; g1, g2).
By Lemma 2.7, the family of processes {U ǫg(t, τ)}, g ∈ Σ is uniformly (w.r.t. g ∈ Σ) asymptotically
compact inH−1. Therefore (subsequence if necessary),
(un, unt )(−T ) = U
ǫ
gn(−T, τn)ξn → (u, ut)(−T ) in H−1. (4.14)
By formula (4.1) and the uniqueness of the limit,
(un, unt )(t) = U
ǫ
gn(t,−T )(u
n, unt )(−T )
→ U ǫg(t,−T )(u, ut)(−T ) = (u, ut)(t) in H−1, ∀t ∈ [−T, 0]. (4.15)
So
un(t)→ u(t) in H10 , t ∈ [−T, 0]. (4.16)
By the standard diagonal process, we can extract a subsequence (still denoted by itself) such that (4.11)
and (4.14)-(4.16) hold for all T ∈ N.
Rewrite energy identity (3.5) as the form
d
dt
E(u, ut) + ‖∇ut‖
2 = (g, ut). (4.17)
Using the multiplier δu in Eq. (1.1) and adding the resulting expression to (4.17), we obtain
d
dt
Γ(u, ut) + δΓ(u, ut) = Λ(u, ut), (4.18)
where Γ(u, ut) is as shown in (4.4) and
Λ(u, ut) =δ
[3
2
‖ut‖
2 −
1
2
‖∇u‖2 −
3ǫ
4
‖∇u‖4 + δ
(1
2
‖∇u‖2 + (ut, u)
)]
+ (g, ut + δu) − ‖∇ut‖
2 − δ
∫
Ω
[f(u)u− F (u)]dx.
It follows from (4.18) that
Γ
(
(un, unt )(0)
)
= e−δTΓ
(
(un, unt )(−T )
)
+ e−δT
∫ 0
−T
eδsΛ
(
(un, unt )(s)
)
ds, (4.19)
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and the formula (4.19) also holds for (u, ut). By virtue of (4.11)-(4.12), (4.16) and the Lebesgue dominated
convergence theorem,
lim
n→∞
∫ 0
−T
eδs
{
δ
[3
2
‖unt ‖
2 −
1
2
‖∇un‖2 −
3ǫ
4
‖∇un‖4 + δ
(1
2
‖∇un‖2 + (unt , u
n)
)]
+ (gn, u
n
t + δu
n)
}
ds
=
∫ 0
−T
eδs
{
δ
[3
2
‖ut‖
2 −
1
2
‖∇u‖2 −
3ǫ
4
‖∇u‖4 + δ
(1
2
‖∇u‖2 + (ut, u)
)]
+ (g, ut + δu)
}
ds. (4.20)
It follows from (4.11) that
∫ 0
−T
eδs‖∇ut(s)‖
2ds ≤ lim inf
n→∞
∫ 0
−T
eδs‖∇unt (s)‖
2ds. (4.21)
By (4.12),
f(un)un − F (un) +
c1
2
|un|2 → f(u)u− F (u) +
c1
2
|u|2 a.e. (x, t) ∈ Ω× [−T, 0].
hence by formula (4.5) and the Fatou lemma,
∫ 0
−T
∫
Ω
eδs[f(u)u− F (u)]dxds ≤ lim inf
n→∞
∫ 0
−T
∫
Ω
eδs[f(un)un − F (un)]dxds. (4.22)
The combination of (4.20)-(4.22) yields
lim sup
n→∞
∫ 0
−T
eδsΛ
(
(un, unt )(s)
)
ds ≤
∫ 0
−T
eδsΛ
(
(u, ut)(s)
)
ds. (4.23)
Therefore, taking account of the boundedness of Γ((un, unt )(−T )), we infer from (4.19) and (4.23) that
lim sup
n→∞
Γ((un, unt )(0)) ≤ Ce
−δT + e−δT
∫ 0
−T
eδsΛ((u, ut)(s))ds
= Ce−δT + Γ((u, ut)(0)) − e
−δTΓ((u, ut)(−T )).
Letting T → +∞, we obtain
lim sup
n→∞
Γ((un, unt )(0)) ≤ Γ((u, ut)(0)) ≤ lim inf
n→∞
Γ((un, unt )(0)),
where we have used (4.10)-(4.11), (4.15) and the Fatou lemma in the second inequality. Therefore,
lim
n→∞
Γ((un, unt )(0)) = Γ((u, ut)(0)),
which implies (see (4.4))
lim
n→∞
‖unt (0)‖ = ‖ut(0)‖, lim
n→∞
∫
Ω
F (un(0))dx =
∫
Ω
F (u(0))dx. (4.24)
By (4.5), the Fatou lemma and (4.24),
∫
Ω
(
F (u(0)) ± C1|u(0)|
p+1
)
dx ≤
∫
Ω
F (u(0))dx + lim inf
n→∞
±C1
∫
Ω
|un(0)|p+1dx,
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where C1 =
c0
2p(p+1) , that is,
lim sup
n→∞
‖un(0)‖p+1p+1 ≤ ‖u(0)‖
p+1
p+1 ≤ lim infn→∞
‖un(0)‖p+1p+1,
‖u(0)‖p+1 = lim
n→∞
‖un(0)‖p+1. (4.25)
By (4.11),
un(0) ⇀ u(0) in Lp+1, unt (0) ⇀ ut(0) in L
2. (4.26)
The combination of (4.24)-(4.26) and the uniform convexity of Lp+1 and L2 yields
U ǫgn(0, τn)ξn = (u
n, unt )(0)→ (u, ut)(0) in H,
i.e., the family of processes {U ǫg(t, τ)}, g ∈ Σ is uniformly (w.r.t. g ∈ Σ) asymptotically compact in H.
Therefore, by Lemma 2.5, we get the conclusion of Theorem 4.3.
5 Upper semicontinuity of the uniform attractors
In this section, we discuss the upper semicontinuity (w.r.t. ǫ) of the uniform attractors AǫΣ.
Theorem 5.1. Let Assumption 1.1 be valid, with g ∈ Σ. Then the uniform attractors AǫΣ as shown in
Theorem 4.3 is upper semicontinuous at the point ǫ0 ≥ 0 in the sense ofH−1 topology, i.e.,
lim
ǫ→ǫ0
distH−1{A
ǫ
Σ,A
ǫ0
Σ } = 0, (5.1)
and so does the kernel section Kǫg(s), i.e.,
lim
ǫ→ǫ0
distH−1{K
ǫ
g(s),K
ǫ0
g (s)} = 0, ∀g ∈ Σ, s ∈ R. (5.2)
In order to prove Theorem 5.1, we first give following lemmas.
Lemma 5.2. (Lipschitz stability) Under the assumptions of Theorem 5.1, we have
sup
g∈Σ
‖U ǫ1g (t, τ)ξ1 − U
ǫ2
g (t, τ)ξ2‖
2
H−1 ≤ CK
(
‖ξ1 − ξ2‖
2
H−1 + |ǫ1 − ǫ2|
2
)
, t ∈ [τ, T ], (5.3)
for any ξi ∈ B and ǫi ∈ [0, 1] (i = 1, 2), where CK = C(τ, T,R0, ‖g0‖L2
b
(R;L2)).
Proof. Let (ui(t), uit(t)) = U
ǫi
g (t, τ)ξi. It follows from estimate (3.3) that
‖(ui, uit)(t)‖
2
H + ‖u
i
tt(t)‖
2
H−2 +
∫ T
τ
‖∇uit(s)‖
2ds ≤ K, ∀t ∈ [τ, T ], (5.4)
where K = K(τ, T,R0, ‖g0‖L2
b
(R;L2)) > 0. Then z = u
1 − u2 solves
ztt −∆zt −∆z + f(u
1)− f(u2) = ǫ1‖∇u
1‖2∆u1 − ǫ2‖∇u
2‖2∆u2, t > τ,
(z, zt)(τ) = ξ1 − ξ2.
(5.5)
Using the multiplier (−∆)−1zt + δz in Eq. (5.5), we obtain
d
dt
Φ(ξz) + (1− δ)‖zt‖
2 + δ‖∇z‖2 +
(
f(u1)− f(u2), (−∆)−1zt + δz
)
= I1 + I2, (5.6)
where ξz = (z, zt),
Φ(ξz) =
1
2
(
‖zt‖
2
H−1 + ‖z‖
2 + ‖∇z‖2
)
+ δ(zt, z) ∼ ‖(z, zt)‖
2
H−1 ,
I1 =
[
(ǫ1 − ǫ2)‖∇u
1‖2 + ǫ2(u
1 + u2,−∆z)
](
∆u1, (−∆)−1zt + δz
)
,
I2 = ǫ2‖∇u
2‖2
(
∆z, (−∆)−1zt + δz
)
for δ > 0 suitably small. Obviously,
|I1 + I2| ≤ CK‖(z, zt)‖
2
H−1 + |ǫ1 − ǫ2|
2,
where we have used estimate (5.4). By Assumption (1.3), the Sobolev embedding H2−θ →֒ Lp+1 for
0 < θ ≪ 1 and the interpolation, we have
(f(u1)− f(u2), z) ≥ −C‖z‖2 + C
∫
Ω
(
|u1|p−1 + |u2|p−1
)
|z|2dx,
|(f(u1)− f(u2), (−∆)−1zt)| ≤ C
∫
Ω
(1 + |u1|p−1 + |u2|p−1)|z||(−∆)−1zt|dx
≤
δC
2
∫
Ω
(
1 + |u1|p−1 + |u2|p−1
)
|z|2dx+C(1 + ‖u1‖p−1p+1 + ‖u
2‖p−1p+1
)
‖(−∆)−1zt‖
2
p+1
≤
δC
2
∫
Ω
(
|u1|p−1 + |u2|p−1
)
|z|2dx+ δ‖zt‖
2 + CK(‖z‖
2 + ‖zt‖
2
H−1).
Inserting above estimates into (5.6) yields
d
dt
Φ(ξz(t)) ≤ |ǫ1 − ǫ2|
2 + CKΦ(ξz(t)), t > τ. (5.7)
Applying the Gronwall inequality to (5.7) over (τ, t) gives (5.3).
Lemma 5.3. Under the assumptions of Theorem 5.1, the family of processes {U ǫg(t, τ)}, g ∈ Σ, ǫ ∈ [0, 1]
has a uniformly (w.r.t. g ∈ Σ and ǫ ∈ [0, 1]) absorbing set B0, which is bounded in (H
1
0 ∩ L
p+1)×H10 .
Proof. By Lemma 4.2, there exists a T > 0 such that
⋃
ǫ∈[0,1]
⋃
g∈Σ
U ǫg(t, 0)B ⊂ B, t ≥ T.
Let
B0 =
⋃
ǫ∈[0,1]
⋃
g∈Σ
⋃
t≥T+1
U ǫg(t, 0)B(⊂ B). (5.8)
Then B0 is the desired absorbing set. Indeed, for any bounded set D ⊂ H, there exists a tD ≥ 0 such that
⋃
ǫ∈[0,1]
⋃
g∈Σ
U ǫg(t, 0)D ⊂ B as t ≥ tD.
When t ≥ tD + T + 1 + τ , by Lemma 2.8, there exist at least one g
′ ∈ Σ such that
U ǫg(t, τ)D = U
ǫ
g′(t− τ, 0)D = U
ǫ
g′(t− τ, tD)U
ǫ
g′(tD, 0)D
⊂ U ǫg′(t− τ, tD)B = U
ǫ
T (tD)g′
(t− τ − tD, 0)B ⊂ B0
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for any ǫ ∈ [0, 1], g ∈ Σ, τ ∈ R, where we have used translation identity (3.8). Due to
B0 =
⋃
ǫ∈[0,1]
⋃
g∈Σ
⋃
t≥T+1
U ǫg(t, t− 1)U
ǫ
g(t− 1, 0)B ⊂
⋃
ǫ∈[0,1]
⋃
g∈Σ
⋃
t∈R
U ǫg(t, t− 1)B,
we infer from estimate (3.4) that B0 is bounded in (H
1
0 ∩ L
p+1)×H10 .
Proof of Theorem 5.1. If the formula (5.1) does not hold. There must exist δ > 0, ǫ0 ∈ [0, 1], {ǫn} ⊂ [0, 1]
with ǫn → ǫ0, and ξn ∈ A
ǫn
Σ such that
distH−1{ξn,A
ǫ0
Σ } > δ, ∀n. (5.9)
Due to H →֒ H−1, we have
sup
g∈Σ
distH−1{U
ǫ0
g (t, 0)B,A
ǫ0
Σ } ≤ C sup
g∈Σ
distH{U
ǫ0
g (t, 0)B,A
ǫ0
Σ } → 0,
which implies that there exists a T > 0 such that when t ≥ T ,
sup
g∈Σ
distH−1{U
ǫ0
g (t, 0)B,A
ǫ0
Σ } ≤
δ
3
and
⋃
ǫ∈[0,1]
⋃
g∈Σ
U ǫg(t, 0)B ⊂ B. (5.10)
Due to ξn ∈ A
ǫn
Σ = ω
ǫn
0,Σ(B), there exist gn ∈ Σ, ηn ∈ B and tn ≥ 2T such that
‖U ǫngn (tn, 0)ηn − ξn‖H−1 ≤ C‖U
ǫn
gn
(tn, 0)ηn − ξn‖H ≤
δ
3
, ∀n. (5.11)
Since
U ǫngn (tn, 0)ηn = U
ǫn
gn
(tn, tn − T )U
ǫn
gn
(tn − T, 0)ηn
= U ǫngn (tn, tn − T )zn = U
ǫn
T (tn−T )gn
(T, 0)zn, ∀n,
where zn = U
ǫn
gn
(tn − T, 0)ηn ∈ B for tn − T ≥ T , we infer from Lemma 5.2 that there exists a N > 0
such that
‖U ǫn
T (tn−T )gn
(T, 0)zn − U
ǫ0
T (tn−T )gn
(T, 0)zn‖H−1 ≤ CK |ǫn − ǫ0| ≤
δ
3
as n ≥ N (5.12)
for ǫn → ǫ0. Therefore, it follows from estimates (5.10)-(5.12) that
distH−1{ξn,A
ǫ0
Σ }
≤ ‖ξn − U
ǫn
gn
(tn, 0)ηn‖H−1 + ‖U
ǫn
T (tn−T )gn
(T, 0)zn − U
ǫ0
T (tn−T )gn
(T, 0)zn‖H−1
+ distH−1{U
ǫ0
T (tn−T )gn
(T, 0)zn,A
ǫ0
Σ } ≤ δ, ∀n ≥ N,
which violates (5.9). Therefore, formula (5.1) holds.
Now, we give the proof of formula (5.2) by contradiction. If formula (5.2) does not hold, there must
exist s0 ∈ R, g ∈ Σ, δ > 0, ǫ0 ∈ [0, 1], sequences {ǫn} ⊂ [0, 1] with ǫn → ǫ0 and ξn ∈ K
ǫn
g (s0) such that
distH−1{ξn,K
ǫ0
g (s0)} > δ, ∀n. (5.13)
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On the other hand, the process U ǫng (t, τ) has a bounded full trajectory γn = {ξ
n
u(t)|t ∈ R} for each n such
that
ξn = ξ
n
u(s0) and U
ǫn
g (t, τ)ξ
n
u (τ) = ξ
n
u(t), ∀t ≥ τ, τ ∈ R. (5.14)
Formula (4.7) shows that ξnu(s) ∈ K
ǫn
g (s) ⊂ A
ǫn
Σ , ∀s ∈ R. By formula (5.1) and the compactness of A
ǫ0
Σ in
H−1, there must exist a ξu(s) ∈ A
ǫ0
Σ such that (subsequence if necessary),
ξnu(s)→ ξu(s) in H−1, ∀s ∈ R. (5.15)
Then we infer form Lemma 5.2 that
‖U ǫng (t, τ)ξ
n
u (τ)− U
ǫ0
g (t, τ)ξu(τ)‖H−1
≤ CK(‖ξ
n
u(τ)− ξu(τ)‖H−1 + |ǫn − ǫ0|)→ 0 as n→∞, ∀t ≥ τ, τ ∈ R. (5.16)
By the uniqueness of the limit,
ξu(t) = U
ǫ0
g (t, τ)ξu(τ), ∀t ≥ τ, τ ∈ R,
which means γ = {ξu(t)|t ∈ R} ∈ K
ǫ0
g and ξu(s0) ∈ K
ǫ0
g (s0). Hence,
distH−1{ξn,K
ǫ0
g (s0)} ≤ distH−1{ξ
n
u(s0), ξu(s0)} → 0, n→∞,
which violates (5.13). Therefore, formula (5.2) holds.
We consider the bounded uniformly absorbing set B0 as a topology space equipped with the partially
strong topology as shown in (1.5). Since B0 is bounded in (H
1
0 ∩L
p+1)×H10 , this topology can be defined
by the following metric ρ:
ρ(ξu, ξv) = ‖∇(u0 − v0)‖+ ‖u1 − v1‖+
∞∑
n=1
2−n
|(u0 − v0, gn)|
1 + |(u0 − v0, gn)|
, (5.17)
where ξu = (u0, u1), ξv = (v0, v1) ∈ B0, {gn} ⊂ H
−1 ∩ L
1+ 1
p such that ‖gn‖H−1 = 1 and span{gn|n ∈
N} is dense in L1+
1
p (cf. [6]).
Corollary 5.4. Let Assumption 1.1 be valid, with g ∈ Σ. Then
(i) the compact uniform attractors AǫΣ as shown in Theorem 4.3 is upper semicontinuous at the point
ǫ0 ∈ [0, 1] in the sense of partially strong topology, i.e.,
lim
ǫ→ǫ0
distρ{A
ǫ
Σ,A
ǫ0
Σ } = 0,
where
distρ{A,B} = sup
x∈A
inf
y∈B
ρ(x, y), A,B ⊂ B0;
(ii) for any fixed g ∈ Σ and ǫ ∈ Σ, the family of all kernel sections Aǫg = {K
ǫ
g(t)}t∈R is the pullback
attractor of the process {U ǫg(t, τ)}, and it is upper semicontinuous at the point ǫ0 ∈ [0, 1] in the sense
of partially strong topology, i.e.,
lim
ǫ→ǫ0
distρ{K
ǫ
g(s),K
ǫ0
g (s)} = 0, ∀s ∈ R.
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Proof. Since AǫΣ is the compact uniform attractor of the family of processes {U
ǫ
g(t, τ}, g ∈ Σ and (4.7)
holds, by the standard theory on the uniform attractor (cf. Chapter IV in [4]), for any fixed g ∈ Σ and ǫ ∈ Σ,
the family of all kernel sections Aǫg = {K
ǫ
g(t)}t∈R is just a pullback attractor of the process {U
ǫ
g(t, τ}.
Due to
|(u0 − v0, gn)|
1 + |(u0 − v0, gn)|
≤
‖∇(u0 − v0)‖‖gn‖H−1
1 + |(u0 − v0, gn)|
≤ ‖∇(u0 − v0)‖, ∀n,
we see from (5.17) that
ρ(ξu, ξv) ≤ 2‖ξu − ξv‖H1
0
×L2 . (5.18)
For any ξu = (u0, u1), ξv = (v0, v1) ∈ B0, by the interpolation,
‖ξu − ξv‖H1
0
×L2 ≤ ‖∇(u0 − v0)‖+ ‖∇(u1 − v1)‖
1
2 ‖u1 − v1‖
1
2
H−1
≤ C‖ξu − ξv‖
1
2
H−1
.
(5.19)
Taking account of AǫΣ ⊂ B0 for all ǫ ∈ [0, 1], we infer from (5.18)-(5.19) and Theorem 5.1 that
distρ{A
ǫ
Σ,A
ǫ0
Σ } ≤ C[distH−1{A
ǫ
Σ,A
ǫ0
Σ }]
1
2 → 0,
distρ{K
ǫ
g(s),K
ǫ0
g (s)} ≤ C[distH−1{K
ǫ
g(s),K
ǫ0
g (s)}]
1
2 → 0 as ǫ→ ǫ0, ∀s ∈ R.
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